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HOM-LIE-RINEHART ALGEBRAS
ASHIS MANDAL AND SATYENDRA KUMARMISHRA
ABSTRACT. We introduce hom-Lie-Rinehart algebras as an algebraic analogue of hom-Lie algebroids,
and systematically describe a cohomology complex by considering coefficient modules. We define
the notion of extensions for hom-Lie-Rinehart algebras. In the sequel, we deduce a characterisation
of low dimensional cohomology spaces in terms of the group of automorphisms of certain abelian
extension and the equivalence classes of those abelian extensions in the category of hom-Lie-Rinehart
algebras, respectively. We also construct a canonical example of hom-Lie-Rinehart algebra associated
to a given Poisson algebra and an automorphism.
1. INTRODUCTION
The notion of Lie-Rinehart algebra plays an important role in many branches of mathematics.
The idea of this notion goes back to the work of N. Jacobson to study certain field extensions. It
is also appeared in some different names in several areas which includes differential geometry
and differential Galois theory. In [15], K. Mackenzie provided a list of fourteen different terms
mentioned for this notion. Here we follow the term Lie-Rinehart algebra, which is due to J. Hueb-
schmann. He viewed Lie-Rinehart algebras as an algebraic counterpart of Lie algebroids defined
over smooth manifolds. His work on several aspects of this algebra is developed systematically
through a series of articles namely [9–12].
There is a growing interest in twisted algebraic structures or hom-algebraic structures defined
for classical algebras and Lie algebroids as well. In the following years, by considering a vector
space and an endomorphism of it, the corresponding hom- algebraic structures are introduced
for various classical algebras. The first appearance of hom-algebra was the notion of hom-Lie
algebra, in the context of some particular deformation called q-deformations of Witt and Virasoro
algebra of vector fields. The work of J. Hartwig, D. Larsson and S. Silvestrov defined the notion of
hom-Lie algebras to describe the q-deformations using σ-derivations in place of usual derivation
( [7]). In the sequel, many concepts and properties have been extended to this framework of
hom-structures. The study of hom-associative algebras, hom-Poisson algebras, Non-commutative
hom-Poisson algebras, hom-Leibniz algebras and most of the results analogous to the classical
algebras followed in the works of J. Hartwig, D. Larsson, A. Makhlouf, S. Silvestrov, D. Yau and
other authors ( [7], [19], [16], [23], [1], [17] ). Moreover, O. Elchinger introduced the quantization
of Hom-Poisson structures in his thesis [4].
C. Laurent-Gengoux and J. Teles introduced hom-Lie algebroid in [14], where they also men-
tioned that the definition is not very straightforward to figure out from the classical notion of Lie
algebroids so that the corresponding hom-version can be described in a systematic manner. First,
they follow the classical case, one-to-one correspondence between Lie algebroids structures on a
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vector bundle A over a smooth manifold M and Gerstenhaber algebras structures on the exte-
rior algebra of multisections Γ(∧∗A). This makes natural the idea of defining hom-Lie algebroids
through a formulation of hom-Gerstenhaber algebra. On the other hand, there are canonically
defined adjoint functors between the category of Lie-Rinehart algebras and the category of Ger-
stenhaber algebras (see [6] for details).
In this paper, we define hom-Lie-Rinehart algebras as an algebraic analogue of hom-Lie alge-
broids, and prove that there are canonical adjoint functors between the category of hom-Gerstenhaber
algebras and the category of hom-Lie-Rinehart algebras. We consider modules over a hom-Lie-
Rinehart algebra and also describe a cohomology complex by considering coefficient modules.
We define extensions of hom-Lie-Rinehart algebras and show the correspondence with lower di-
mensional cohomology spaces as one can expect (in an analogy with the classical algebras). This
discussion not only provides a notion of cohomology and its interpretation for a more gener-
alised notion of hom-Lie-Rinehart algebras but also it shed light on important special cases like
hom-Lie algebras, Lie-Rinehart algebras, hom-Lie algebroids and hom-Gerstenhaber algebras. For
instance, by considering hom-Lie algebra in the category of hom-Lie-Rinehart algebras one can
view the deformation cohomology of hom-Lie algebras ( [17]), deduce the correspondence with
low dimensional cohomology spaces and certain class of extensions. Also, the cohomology for
Lie-Rinehart algebras and the characterisation of extensions can also be deduced to the one al-
ready present in the existing literature [9]. Algebraic properties of the left modules over hom-
Lie-Rinehart algebra motivates the definition of a representation of a hom-Lie algebroid, which is
a generalization of the known representation for Lie algebroids. A canonical hom-Gerstenhaber
algebra structure associated to a hom-Lie algebra is given in [14] (for details see Example 2.17 in
the next section). If we use the boundary operator of a hom-Lie algebra complex with trivial co-
efficients defined in [23], then we find that this operator generates the hom-Gerstenhaber bracket
given in the Example 2.17. Therefore it motivates the formulation of an exact hom-Gerstenhaber
algebras or hom-Batalin-Vilkovisky algebras.
The paper is organized as follows: In Section 2, we recall some preliminaries on hom- algebras
and fix notations which we follow in the later part of the paper. We define homomorphisms of
hom-Gerstenhaber algebras to form the category of hom-Gerstenhaber algebras. In Section 3, we
introduce the notion of hom-Lie-Rinehart algebras and present various natural examples of this
notion. This includes some of those examples are arising from the hom-structures known in the
literature. Next we consider homomorphisms in order to form the category of hom-Lie-Rinehart
algebras. In a sequel, we show that there are canonically defined adjoint functors from the cate-
gory of hom-Lie-Rinehart algebras to the category of hom-Gerstenhaber algebras. The notion of
a module for a hom-Lie-Rinehart algebra appeared in Section 4, and subsequently we introduce
a cochain complex and cohomology of a hom-Lie- Rinehart algebra with coefficients in a module.
In Section 5, we consider extensions of a hom-Lie- Rinehart algebras and characterise the first and
second cohomology spaces in terms of the group of automorphisms of an A-split abelian exten-
sion and the equivalence classes of A-split abelian extensions in the category of hom-Lie Rinehart
algebras, respectively. Furthermore, central extensions of a hom-Lie-Rinehart algebra are also de-
fined. In Section 6, we describe Hom-Lie-Rinehart algebras canonically associated with a given
Poisson algebra equipped with a Poisson algebra automorphism. In the last section we present a
discussion of some special cases which also shows the wide interests and further application of
hom-Lie-Rinehart algebras.
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2. PRELIMINARIES ON HOM-ALGEBRAS
In this section, we shall recall basic definitions concerning hom-algebra structure from the liter-
ature ( [1, 7, 16, 17, 19, 23]) in order to fix notation and terminology will be needed throughout the
paper.
Let R denote a commutative ring with unity and Z+ be the set of all non-negative integers. We
will consider all modules, algebras and their tensor products over such a ring R and all linear
maps to be R-linear unless otherwise stated.
Definition 2.1. A hom-Lie algebra is a triplet (g, [−,−], α) where g is anR-module equipped with a skew-
symmetric R-bilinear map [−,−] : g×g→ g and a linear map α : g→ g, satisfying α[x, y] = [α(x), α(y)]
such that the hom-Jacobi identity holds:
(1) [α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0 for all x, y, z ∈ g.
Furthermore, if α is an automorphism of the R-module g, then the hom-Lie algebra (g, [−,−], α) is called a
regular hom-Lie algebra.
Example 2.2. Given a Lie algebra (g, [−,−]) with a Lie algebra homomorphism α : g → g, we can define
a hom-Lie algebra as the triplet (g, α ◦ [−,−], α). The hom-Jacobi identity for the new bracket α ◦ [−,−]
is equivalent to the Jacobi identity for Lie bracket [−,−] ( restricted to image of the map α ◦ α). A hom-Lie
algebra of this kind is called a hom-Lie algebra obtained by composition.
Definition 2.3. A representation of a hom-Lie algebra (g, [−,−], α) on a R-module V is a pair (θ, β) of
R-linear maps θ : g→ gl(V ) and β : V → V such that
(2) θ(α(x)) ◦ β = β ◦ θ(x),
(3) θ([x, y]) ◦ β = θ(α(x)) ◦ θ(y)− θ(α(y)) ◦ θ(x).
for all x, y ∈ g.
Example 2.4. For any integer s, we can define the αs-adjoint representation of the regular hom-Lie algebra
(g, [−,−], α) on g by (ads, α), where
ads(g)(h) = [α
s(g), h] for all g, h ∈ g.
Definition 2.5. A graded hom-Lie algebra is a triplet (g, [−,−], α) consisting of a graded module g =
⊕i∈Z+gi, a graded skew-symmetric bilinear map of degree −1 denoted by [−,−] : g⊗ g→ g and α : g→ g
is a homomorphism of (g, [−,−]) of degree 0 such that the following graded version of hom-Jacobi identity
holds;
(−1)(i−1)(k−1)[α(x), [y, z]] + (−1)(j−1)(i−1)[α(y), [z, x]] + (−1)(k−1)(i−1)[α(z), [x, y]] = 0,
for all x ∈ gi, y ∈ gj , k ∈ gk.
Definition 2.6. A purely hom-Poisson algebra is a quadruple (A,µ, [−,−], α) consisting of an R-module
A, a bilinear map µ : A⊗A→ A and a bilinear bracket [−,−] : A⊗A→ A such that following hold.
(1) (A, [−,−], α) is a hom-Lie algebra;
(2) (A,µ) is an associative commutative algebra;
(3) [x, µ(y, z)] = µ(α(y), [x, z]) + µ(α(z), [x, y]) for all x, y, z ∈ A.
Example 2.7. Given a Poisson algebra (A,µ, [−,−]) and a Poisson algebra homomorphism α : A → A,
the quadruple (A,µ, α ◦ [−,−], α) is a purely hom-Poisson algebra.
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Definition 2.8. A Gerstenhaber algebra is a triplet (A = ⊕i∈Z+Ai,∧, [−,−]) where A is a graded com-
mutative associative R-algebra, and [−,−] : A⊗A → A is a bilinear map of degree −1 such that:
(1) (A, [−,−]) is a graded Lie algebra.
(2) The following Leibniz rule holds:
[X,Y ∧ Z] = [X,Y ] ∧ Z + (−1)(i−1)jY ∧ [X,Z],
for all X ∈ Ai, Y ∈ Aj , Z ∈ Ak.
If (A =
⊕
i∈Z+
Ai,
∧
1, [−,−]A) and (B =
⊕
i∈Z+
Bi,
∧
2, [−,−]B) are Gerstenhaber algebras, then
a 0-degree R-linear map Θ : A→ B is a homomorphism of Gerstenhaber algebras if it satisfies:
(1) Θ[X,Y ]A = [Θ(X),Θ(Y )]B for all X ∈ Ai, Y ∈ Aj, and
(2) Θ(X ∧1 Y ) = Θ(X) ∧2 Θ(Y ) for all X ∈ Ai, Y ∈ Aj.
We denote simply by GR, the category of Gerstenhaber algebras and the Gerstenhaber algebra
homomorphisms.
Recall that a Lie algebroid on a smoothmanifoldM is a vector bundleA over a smoothmanifold
M with a vector bundle map ρ : A → TM called the anchor map, and a bilinear map denoted by
the bracket [−,−] : ΓA ⊗ ΓA → ΓA such that (ΓA, [−,−]) is a Lie-algebra and for all X,Y ∈ ΓA
and f ∈ C∞(M) we have [X, fY ] = f [X,Y ] + ρ(X)(f)Y .
Let Γ(∧∗A) denote the algebra of multi-sections with standard wedge product. Then there is
a one-to-one correspondence between Lie algebroid structures on A and Gerstenhaber algebra
structures on Γ(∧∗A), where the graded associative commutative algebra structure on Γ(∧∗A) is
given by the standard wedge product.
Let A be an associative commutative R-algebra and Der(A) denote the space of R-derivations
of the algebra A . Then Der(A) is simultaneously an A-module and a Lie algebra with the com-
mutator bracket.
Definition 2.9. A Lie-Rinehart algebra L over ( an associative commutative R-algebra ) A is a Lie algebra
over R with an A-module structure and a R-module homomorphism ρ : L → Der(A), such that ρ is
simultaneously an A-module homomorphism and a Lie R-algebra homomorphism and
[x, ay] = a[x, y] + ρ(x)(a)y for all x, y ∈ L, a ∈ A.
Let A and B be associative commutative R-algebras. Suppose L and L′ are Lie-Rinehart alge-
bras overA andB, respectively. Then a pair of maps (g, f) is a homomorphism of the Lie-Rinehart
algebras L and L′ if g : A → B is an algebra homomorphism and f : L → L′ is an R-module ho-
momorphism such that following compatibility conditions hold.
(1) f(a.x) = g(a).f(x) for all x ∈ L, a ∈ A,
(2) f [x, y]L = [f(x), f(y)]L′ for all x, y ∈ L,
(3) g(ρL(x)(a)) = ρL′(f(x))(g(a)) for all x ∈ L, a ∈ A.
We will denote by LR the category of Lie-Rinehart algebras and the Lie-Rinehart algebra homo-
morphisms .
Theorem 2.10. (Theorem 5, [6]) For a given Gerstenhaber algebra (A = ⊕i∈Z+Ai,∧, [−,−]), we have
a Lie-Rinehart algebra structure on A1 over the algebra A0. In fact, this assignment gives a functor F :
GR → LR. Similarly, we can define a functor G : LR → GR assigning a Lie- Rinehart algebra A1 over
A0 to a Gerstenhaber algebra structure on (∧
∗
A0
A1,∧, [−,−]G), where ∧
∗
A0
A1 is the exterior algebra ofA1
over A0 and [−,−]G is the Scho¨uten bracket:
[x1∧ ..∧xn, y1∧ ..∧ym] = (−1)
(m−1)(n−1)
∑
(−1)i+j [xi, yj ]∧x1∧ ..∧ xˆi∧ ..∧xn∧y1∧ ..∧ yˆj ∧ ..∧ym
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where xi, yj ∈ A1 for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. The functor G : LR → GR is left adjoint to the functor
F : GR→ LR.
Definition 2.11. ( [2,7,14] ) Given an associative commutative algebra A, anA-moduleM and an algebra
endomorphism φ : A → A, we call an R-linear map δ : A → M a φ-derivation of A into M if it satisfies
the required identity;
δ(ab) = φ(a)δ(b) + φ(b)δ(a) for all a, b ∈ A.
Let us denote byDerφ(A) the set of φ-derivations.
Remark 2.12. Suppose M is a smooth manifold, ψ : M → M is a smooth map and induced map ψ∗ :
C∞(M) −→ C∞(M) is defined by composition. Then the space of ψ∗-derivations of the algebra of smooth
functions C∞(M) into itself can be identified with the space of sections of the pull- back bundle of the
tangent bundle TM . This is usually denoted by Γ(ψ!TM).
Definition 2.13. [14] A hom-Lie algebroid is a quintuple (ξ, φ, [−,−], ρ, α), where ξ : A→M is a vector
bundle over a smooth manifold M , φ : M → M is a smooth map, [−,−] : Γ(A) ⊗ Γ(A) → Γ(A) is a
bilinear map, the map ρ : φ!A → φ!TM is called the anchor and α : Γ(A) → Γ(A) is a linear map such
that following conditions are satisfied.
(1) α(fX) = φ∗(f)α(X) for all X ∈ Γ(A), f ∈ C∞(M);
(2) The triplet (Γ(A), [−,−], α) is a hom-Lie algebra;
(3) The following hom-Leibniz identity holds:
[X, fY ] = φ∗(f)[X,Y ] + ρ(X)[f ]α(Y );
for all X,Y ∈ Γ(A), f ∈ C∞(M)
(4) The pair (ρ, φ∗) is a representation of (Γ(A), [−,−], α) on C∞(M).
A hom-Lie algebroid (ξ, φ, [−,−], ρ, α) is called regular (or invertible) if the map α : Γ(A) → Γ(A) is
an invertible map and the smooth map φ : M →M is a diffeomorphism.
Remark 2.14. Note that ρ(X)[f ] denotes a function onM given by
ρ(X)[f ](m) =
〈
dφ(m)f, ρm(Xφ(m))
〉
form ∈M . Here the map ρm : (φ
!A)m ∼= Aφ(m) → (φ
!TM)m ∼= Tφ(m)M is the anchor map evaluated at
m ∈M andXφ(m) is image of the section X ∈ Γ(A) at φ(m) ∈M .
Definition 2.15. [14] A hom-Gerstenhaber algebra is a quadruple (A = ⊕i∈Z+Ai,∧, [−,−], α) where A
is a graded commutative associative R-algebra, α is an endomorphism of (A,∧) of degree 0 and [−,−] :
A⊗A → A is a bilinear map of degree −1 such that:
(1) (A, [−,−], α) is a graded hom-Lie algebra.
(2) The hom-Leibniz rule holds:
[X,Y ∧ Z] = [X,Y ] ∧ α(Z) + (−1)(i−1)jα(Y ) ∧ [X,Z],
for all X ∈ Ai, Y ∈ Aj , Z ∈ Ak.
Example 2.16. Given a Gerstenhaber algebra (A, [−,−],∧) and an endomorphism α : (A, [−,−],∧) →
(A, [−,−],∧), the quadruple (A,∧, α ◦ [−,−], α) is a hom-Gerstenhaber algebra.
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Example 2.17. Suppose (g, [−,−], α) is a hom-Lie algebra. We can define a hom-Gerstenhaber algebra
(G = ∧∗g,∧, [−,−]G, αG), where
[x1∧· · ·∧xn, y1∧· · ·∧ym]G =
n∑
i=1
m∑
j=1
(−1)i+j [xi, yj]∧αG(x1∧· · · xˆi∧· · ·∧xn∧y1∧· · · yˆj ∧· · ·∧ym)
for all x1, · · · , xn, y1, · · · , ym ∈ g and
αG(x1 ∧ · · · ∧ xn) = α(x1) ∧ · · · ∧ α(xn).
See [14] for further details.
If (A =
⊕
i∈Z+
Ai,
∧
1, [−,−]A, α) and (B =
⊕
i∈Z+
Bi,
∧
2, [−,−]B, β) are hom-Gerstenhaber
algebras, then a 0-degree R-linear map Θ : A → B is a homomorphism of hom-Gerstenhaber
algebras if it satisfies following conditions.
(1) Θ[X,Y ]A = [Θ(X),Θ(Y )]B for all X ∈ Ai, Y ∈ Aj,
(2) Θ(X ∧1 Y ) = Θ(X) ∧2 Θ(Y ) for all X ∈ Ai, Y ∈ Aj,
(3) For any X ∈ Ai, Θ(α(X)) = β(Θ(X)).
Denote the category of hom-Gerstenhaber algebras by hGR.
In Theorem 4.4, [14], it is proved that there is a one-to-one correspondence between hom-Lie
algebroid structures on a vector bundle A over a smooth manifold M and hom-Gerstenhaber
algebra structures on the graded vector space Γ(∧∗A), where the graded associative commutative
algebra structure on Γ(∧∗A) is given by wedge product.
3. HOM-LIE-RINEHART ALGEBRA
In this section, we introduce the notion of hom-Lie-Rinehart algebras as an algebraic analogue
of hom-Lie algebroid defined. In a sequel, we define homomorphisms of these algebras to form a
category, and we show that there are canonically defined adjoint functors between this category
and the category of hom-Gerstenhaber algebras.
Let R be a commutative ring with unity, A be an associative commutative R-algebra, and φ :
A → A be an algebra endomorphism. We will consider A-module action to be faithful. In the
definition of a Lie-Rinehart algebra L over A, we need to consider the Lie algebra Der(A) of
derivations on A. Here, we will consider the space of φ-derivations (Definition 2.11) to define a
hom-Lie-Rinehart algebra over the pair (A,φ).
Definition 3.1. A hom-Lie Rinehart algebra over (A,φ) is a tuple (A,L, [−,−], φ, α, ρ) , where A is an
associative commutative algebra, L is an A-module, [−,−] : L × L → L is a skew symmetric bilinear
map, the map φ : A → A is an algebra homomorphism, α : L → L is a linear map satisfying α([x, y]) =
[α(x), α(y)], and the R-linear map ρ : L→ DerφA are such that following conditions hold.
(1) The triplet (L, [−,−], α) is a hom-Lie algebra.
(2) α(a.x) = φ(a).α(x) for all a ∈ A, x ∈ L.
(3) (ρ, φ) is a representation of (L, [ , ], α) on A.
(4) ρ(a.x) = φ(a).ρ(x) for all a ∈ A, x ∈ L.
(5) [x, a.y] = φ(a)[x, y] + ρ(x)(a)α(y) for all a ∈ A, x, y ∈ L.
A hom-Lie-Rinehart algebra (A,L, [−,−], φ, α, ρ) is said to be regular if the map φ : A → A is
an algebra automorphism and α : L→ L is a bijective map.
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Example 3.2. A Lie-Rinehart algebra L over A with the Lie bracket [−,−] : L⊗L→ L and the anchor
map ρ : L→ Der(A) is a hom-Lie-Rinehart algebra (A,L, [−,−], φ, α, ρ) where α = IdL, φ = IdA and
ρ : L→ DerφA = Der(A).
If we consider the map α = IdL in the above definition, then a hom-Lie-Rinehart algebra is a
Lie-Rinehart algebra. In fact, α = IdL forces φ = IdA, because of the identity: α(a.x) = φ(a).(α(x))
for all a ∈ A, x ∈ L and the fact that the action of A on L is faithful.
Example 3.3. A hom-Lie algebra (L, [−,−], α) structure over anR-moduleL gives the hom-Lie Rinehart
algebra (A,L, [−,−], φ, α, ρ) with A = R, the algebra morphism φ = IdK and the trivial action of L on R.
Example 3.4. Let us recall the definition of hom-Lie algebroid (A→M, [−,−], ρ, α, φ) from Definition
2.13. It provides a hom-Lie-Rinehart algebra (C∞(M),ΓA, [−,−], φ∗, α, ρ) where ΓA is the space a sec-
tions of the underline vector bundle A → M and φ∗ : C∞(M) → C∞(M) is canonically defined by the
smooth map φ : M →M .
Example 3.5. Assume that φ : A → A is an automorphism. Then (DerφA, [−,−]φ, αφ) is a hom-Lie
algebra. Here, the bilinear map [−,−]φ : DerφA×DerφA→ DerφA is given by
(4) [D1,D2]φ = φ ◦D1 ◦ φ
−1 ◦D2 ◦ φ
−1 − φ ◦D2 ◦ φ
−1 ◦D1 ◦ φ
−1.
Also, the linear map αφ : DerφA→ DerφA is defined as
(5) αφ(D) = φ ◦D ◦ φ
−1.
Furthermore, the space of φ-derivations DerφA is an A-module (action defined using algebra multipli-
cation in A) satisfying following identities:
(1) α(a.D) = φ(a).α(D) for a ∈ A, andD ∈ DerφA;
(2) [D1, a.D2]φ = φ(a).[D1,D2]φ + αφ(D1)(a).αφ(D2) for a ∈ A, and D1,D2 ∈ DerφA.
In turn it follows that the tuple (A,DerφA, [−,−]φ, αφ, αφ) is a hom-Lie-Rinehart algebra over (A,φ)
where the anchor map ρ = αφ.
Example 3.6. If we consider a Lie-Rinehart algebra L over A along with an endomorphism
(φ, α) : (A,L)→ (A,L)
in the category of Lie-Rinehart algebras then we get a hom-Lie-Rinehart algebra (A,L, [−,−]α, φ, α, ρφ),
called “obtained by composition”. Here
(1) [x, y]α = α[x, y] for x, y ∈ L;
(2) ρφ(x)(a) = φ(ρ(x)(a)) for x ∈ L, a ∈ A.
Note that the following conditions are satisfied.
(1) (L, [−,−]α, α) is a hom-Lie algebra obtained by composition;
(2) α(a.x) = φ(a).α(x);
(3) ρφ(a.x) = φ(a).ρφ(x);
(4) [x, a.y]α = φ(a).[x, y]α + ρφ(x)(a).α(y);
(5) (ρφ, φ) is a representation of (L, [ , ]α, α) on A;
for all x, y ∈ L, a ∈ A.
Example 3.7. Let (L, [−,−], α) be a hom-Lie algebra over R and A be an associative commutative R-
algebra with a homomorphism φ : A → A, and (ρ, φ) be a representation of (L, [−,−], α) on A. Further-
more, the map ρ to be a R-linear map from L → Derφ(A) gives the action of L on A via φ-derivations.
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Then the transformation hom-Lie-Rinehart algebra structure on g = A ⊗ L is given by the tuple
(A, g, [−,−], φ, α˜, ρ˜). More precisely we have the following:
(1) The R-bilinear bracket [−,−] on g is given by
[a⊗ x, b⊗ y]g = φ(ab) ⊗ [x, y] + φ(a)ρ(x)(b)α(y) − φ(b)ρ(y)(a)α(x),
for all x, y ∈ L and a, b ∈ A.
(2) The R-linear map α˜ : g→ g is given by
α˜(a⊗ x) = φ(a)⊗ α(x),
for all a ∈ A, x ∈ L. Here, (g, [ , ]g, α˜) is a hom-Lie algebra and α˜[g, h] = [α˜(g), α˜(h)] for all
g, h ∈ g.
(3) The action of g on A via φ-derivations is given by
ρ˜(a⊗ x)(b) = φ(a)ρ(x)(b)
for all x ∈ L, a, b ∈ A.
Note that in general, transformation hom-Lie-Rinehart algebras are not obtained by composition.
Example 3.8. Let (A,L, [−,−]L, φ, αL, ρL) and (A,M, [−,−]M , φ, αM , ρM ) be hom-Lie-Rinehart alge-
bras over (A,φ). We consider
L×DerφA M = {(l,m) ∈ L×M : ρl(l) = ρM (m)},
where L×M denotes the Cartesian product. Then (A,L×DerφAM, [−,−], φ, α, ρ) is a hom-Lie-Rinehart
algebra, where
(1) the bracket is given by
[(l1,m1), (l2,m2)] = ([l1, l2], [m1,m2]);
(2) the endomorphism α : L×DerφA M → L×DerφA M is given by
α(l,m) = (αL(l), αM (m));
(3) and the anchor map ρ : L×DerφA M → DerφA is given by
ρ(l,m)(a) = ρL(a) = ρM (a);
for all l, l1, l2 ∈ L, m,m1,m2 ∈ M , and a ∈ A. The above structure gives the categorical product in the
category hLRφA. Note that cartesian product is not the product in this category as expected from the case of
Lie-Rinehart algebras [3].
Remark 3.9. Suppose A =
⊕
i∈ZAi is a graded R-module. Let us recall from Example 2.16 that given a
Gerstenhaber algebra structure (A,∧, [−,−]) and an endomorphism α : (A,∧, [−,−]) → (A,∧, [−,−]),
we have a hom-Gerstenhaber algebra (A,∧, [−,−]α, α). Later we will see that for a given hom-Gerstenhaber
algebra (A =
⊕
i∈ZAi, [−,−],∧, α), there is a hom-Lie-Rinehart algebra structure (A0,A1, [−,−]1, φ, αA1 , ρ).
In other words, given any Gerstenhaber algebra and an endomorphism of the Gerstenhaber algebra, we have
a canonical hom-Lie-Rinehart algebra.
Next we define homomorphisms of hom-Lie-Rinehart algebras.
Definition 3.10. Let (A,L, [−,−]L, φ, αL, ρL) and (B,L
′, [−,−]L′ , ψ, αL′ , ρL′) be hom-Lie-Rinehart al-
gebras, then a hom-Lie-Rinehart algebra homomorphism is defined as a pair of maps (g, f), where the map
g : A→ B is aR-algebra homomorphism and f : L1 → L2 is aR-linear map such that following identities
hold:
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(1) f(a.x) = g(a).f(x) for all x ∈ L1, a ∈ A,
(2) f [x, y]L = [f(x), f(y)]L′ for all x, y ∈ L,
(3) f(αL(x)) = αL′(f(x)) for all x ∈ L,
(4) g(φ(a)) = ψ(g(a)) for all a ∈ A
(5) g(ρL(x)(a)) = ρL′(f(x))(g(a)) for all x ∈ L, a ∈ A.
Hom-Lie-Rinehart algebras with homomorphisms form a category of hom-Lie-Rinehart alge-
bras, which we by hLR. If αL = IdL and αL′ = IdL′ (which in turn give φ = IdA and ψ = IdB .),
then the above hom-Lie Rinehart algebras are the usual Lie-Rinehart algebras and the homomor-
phism of the hom-Lie Rinehart algebras is the usual homomorphism in category of Lie-Rinehart
algebras. In fact, the category of Lie-Rinehart algebras is a full subcategory of the category of
hom-Lie-Rinehart algebras.
Remark 3.11. If A = B and φ = ψ, then by taking g = IdA : A → A we get homomorphism of hom-
Lie- Rinehart algebras over (A,φ). Let us denote by hLRφA the category of hom-Lie Rinehart algebras over
(A,φ). To simplify the notations we denote a hom-Lie Rinehart algebra (A,L, [−,−], φ, α, ρ) over (A,φ)
simply by (L, α) and similarly for any other hom-Lie Rinehart algebra over (A,φ), say (A,L′, [−,−]′, φ, α′, ρ′)
simply by the notation (L′, α′).
3.1. Hom-Gerstenhaber algebras and hom-Lie -Rinehart algebras. Given a hom-Gerstenhaber
algebra (A =
⊕
i∈ZAi, [−,−],∧, α), we have the following identities for the pair (A0,A1) of R-
modules:
(1) A0 is a commutative R-algebra and there is an A0-module action on A1, where commuta-
tive product is given by ∧ : A0⊗A0 → A0 and action is given by ∧ : A0⊗A1 → A1.(using
the fact that ∧ is a graded commutative product on A.)
(2) (A1, [−,−]1, α1) is a hom-Lie algebra, where [−,−]1 : A1 ⊗ A1 → A1 is the restriction of
[−,−] : A ⊗ A → A on A1 ⊗ A1 and α1 : A1 → A1 is restriction of α : A → A on A1.
Here, hom-Jacobi identity follows from graded hom-Jacobi identity for the graded bracket
[−,−].
(3) By graded hom-Jacobi identity, [x, a∧ b] = [x, a]∧α0(b)+α0(a)∧ [x, b] for all x ∈ A1, a, b ∈
A0.
(4) [a ∧ x, b] = φ(a) ∧ [x, b] for all x ∈ A1, a, b ∈ A0. Here we are using the graded hom-Jacobi
identity and the fact that [a, b] = 0.
(5) [x, a ∧ y] = [x, a] ∧ α1(y) + α0(a) ∧ [x, y] for all x, y ∈ A1, a ∈ A0.
Thus we have a hom-Lie-Rinehart algebra (A0,A1, [−,−]1, φ, αA1 , ρ), where φ := α0, αA1 := α1,
and ρ : L → Derφ(A0) is given by ρ(x)(a) = [x, a] for all x ∈ A1, a ∈ A0. (The definition of ρ
makes sense because of the identity (3). Also by identity (4), we have ρ(ax)(b) = φ(a)ρ(x)(b) for
all a, b ∈ A0, x ∈ A1.)
Furthermore, it follows that there is a functor
F : hGR→ hLR
which assigns the hom-Lie- Rinehart algebra (A0,A1, [−,−]1, φ, αA1 , ρ) to a hom-Gerstenhaber
algebra (A =
⊕
i∈ZAi, [−,−],∧, α).
The following theorem gives a one-to-one correspondence between hom-Gerstenhaber algebra
structures on (∧∗AL, [−,−]G,∧, α) and hom-Lie Rinehart algebra structures on (A,L, [−,−], φ, α, ρ).
This result generalises the well known one-to-one correspondence between Lie-Rinehart algebras
and Gerstenhaber algebras.
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Theorem 3.12. Suppose, hLR and hGR denote the categories of hom-Lie-Rinehart algebras and hom-
Gerstenhaber algebras, respectively. Let G : hLR→ hGR assigns
(A,L, [−,−], φ, α, ρ) 7→ (∧∗AL,∧, [−,−]G, αG),
where αG : ∧
∗
AL→ ∧
∗
AL given by:
(6) αG(aX1 ∧ · · · ∧Xn) = φ(a)α(X1) ∧ · · · ∧ α(Xn),
and [ , ]G : ∧
∗
AL⊗ ∧
∗
AL→ ∧
∗
AL is given by:
[X1 ∧ · · · ∧Xn, a]G =
n∑
i=1
ρ(Xi)(a) ∧ αG(X1 ∧ · · · ∧ Xˆi ∧ · · · ∧Xn)
and by
[X1∧· · ·∧Xn, Y1∧· · ·∧Ym]G =
n∑
i=1
m∑
j=1
[Xi, Yj ]∧αG(X1∧· · ·∧ Xˆi∧· · ·∧Xn∧Y1∧· · ·∧ Yˆj∧· · ·∧Ym)
where Xi, Yj ∈ L, a ∈ A; 1 ≤ i ≤ n, 1 ≤ j ≤ m. Then G is a functor from the category hLR to the
category hGR. Moreover the functor G is left adjoint to the functor F : hGR→ hLR.
Proof. We denote the Gerstenhaber algebra (A,∧A, [−,−]A, αA) simply by A. Given a homomor-
phism Θ : A → B in the category hGR, we have a homomorphism of hom-Lie Rinehart algebras
F(Θ) : F(A) → F(B), where F(Θ) is obtained by restricting the map Θ on (A0,A1). Simi-
larly, given a homomorphism Φ : (L, α) → (M, β) in the category hLR, we get the morphism
G(Φ) : ∧∗AL → ∧
∗
AM in the category hGR, which is defined by extending the map Φ from (A,L)
to ∧∗AL(extension of the map is similar to the extension of αG from α). Now, from the definition of
homomorphisms in the categories hGR and hLR, for every pair of (L, α) ∈ hLR and A ∈ hGR it
follows that
HomhGR(G(L, α),A) ∼= HomhLR((L, α),F(A)).
Moreover the bijection is functorial in (L, α) ∈ hLR and A ∈ hGR. In fact, for every morphism
f : (L, α)→ (L′, α′) and g : A → A′, by considering g∗ and f
∗ as the respective induced maps, we
have the following commutative diagram:
HomhGR(G(L
′, α′),A)
G(f)∗
−−−−→ HomhGR(G(L, α),A)
g∗
−−−−→ HomhGR(G(L, α),A
′)
∼=
y ∼=
y ∼=
y
HomhLR((L
′, α′),F(A))
f∗
−−−−→ HomhLR((L, α),F(A))
F(g)∗
−−−−→ HomhLR((L, α),F(A
′))
Consequently, G : hLR→ hGR is left adjoint to the functor F : hGR→ hLR. 
Remark 3.13. Here, we have considered the hom-Lie algebroids defined in [14] to define the algebraic
counterpart as hom-Lie-Rinehart algebras. There is a modified definition of hom-Lie algebroids appeared
in [2]. But, if we follow this modified definition then the one-to-one correspondence in Theorem 3.12 will
not be available any more.
4. COHOMOLOGY OF HOM-LIE-RINEHART ALGEBRA
We now define cohomology of a hom-Lie-Rinehart algebra. First we define the notion of (left-)
module over a hom-Lie-Rinehart algebra.
HOM-LIE-RINEHART ALGEBRAS 11
4.1. Modules over hom-Lie-Rinehart algebras. Let A be an associative and commutative R-
algebra and φ be an algebra automorphism of A and (L, α) be a hom-Lie-Rinehart algebra over
(A,φ).
Definition 4.1. LetM be an A-module, and β ∈ EndR(M). Then the pair (M,β) is a left module over a
hom-Lie Rinehart algebra (L, α) if the following holds.
(1) There is a map θ : L⊗M →M , such that the pair (θ, β) is a representation of the hom-Lie algebra
(L, [−,−], α) onM . Let us denote θ(x,m) by {x,m} for x ∈ L, m ∈M .
(2) β(a.m) = φ(a).β(m) for all a ∈ A andm ∈M .
(3) {a.X,m} = φ(a){X,m} for all a ∈ A, X ∈ L, m ∈M .
(4) {X, a.m} = φ(a){X,m} + ρ(X)(a).β(m) for all X ∈ L, a ∈ A, m ∈M .
If we consider α = IdL and β = IdM , then (L, α) is a Lie-Rinehart algebra and M is a left
Lie-Rinehart algebra module over the Lie-Rinehart algebra L.
Example 4.2. For α = IdL any left Lie-Rinehart algebra module M over (A,L, [−,−], ρ) gives a left
hom-Lie-Rinehart algebra module (M, IdM ) over (L, α).
Example 4.3. The pair (A,φ) is a left module over (L, α). As (ρ, φ) is a representation of (L, [−,−], α)
over A. Further the conditions (3) and (4) are satisfied by definition of the map ρ.
4.2. Cochain complex of a Hom-Lie Rinehart algebra. Let (L, α) be a hom-Lie Rinehart algebra
over (A,φ) and (M,β) be a module over (L, α). We consider the Z+-graded space of R-modules
C∗(L;M) := ⊕n≥1C
n(L;M)
for hom-Lie-Rinehart algebra (L, α)with coefficients in (M,β), whereCn(L;M) ⊆ HomR(∧
n
RL,M)
consisting of elements f ∈ HomR(∧
n
RL,M) satisfying conditions below.
(1) f(α(x1), · · · , α(xn)) = β(f(x1, x2, · · · , xn)) for all xi ∈ L, 1 ≤ i ≤ n
(2) f(x1, · · · , a.xi, · · · , xn) = φ
n−1(a)f(x1, · · · , xi, · · · , xn) for all xi ∈ L, 1 ≤ i ≤ n, and a ∈ A.
Define the R-linear maps δ : Cn(L;M)→ Cn+1(L;M) given by
δf(x1, · · · , xn+1) :=
n+1∑
i=1
(−1)i+1{αn−1(xi), f(x1, · · · , xˆi, · · · , xn+1)}
+
∑
1≤i<j≤n+1
f([xi, xj], α(x1), · · · , ˆα(xi), · · · , ˆα(xj), · · · , α(xn+1))
(7)
for all f ∈ Cn(L;M), xi ∈ L, where 1 ≤ i ≤ n + 1. Here we follow these notations and deduce
next that the map δ gives rise to a coboundary map.
Proposition 4.4. If f ∈ Cn(L;M), then δf ∈ Cn+1(L;M) and δ2 = 0.
Proof. First, we need to check that δf(α(x1), α(x2) · · · , α(xn+1)) = β(δf(x1, x2, · · · , xn+1)) for all
xi ∈ L, 1 ≤ i ≤ n + 1. We will use the fact that f ◦ α = β ◦ f and {α(x), β(m)} = β{x,m} (as
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f ∈ Cn(L;M) and (θ, β) is a representation of (L, [−,−], α) onM ). Now
δf(α(x1), · · · , α(xn+1)) =
n+1∑
i=1
(−1)i+1{αn(xi), f(α(x1), · · · , ˆα(xi), · · · , α(xn+1))}
+
∑
1≤i<j≤n+1
f(α([xi, xj ]), α
2(x1), · · · , ˆα2(xi), · · · , ˆα2(xj), · · · , α
2(xn+1))
=
n+1∑
i=1
(−1)i+1{α(αn−1(xi)), β
(
f(x1, · · · , xˆi, · · · , xn+1)
)
}
+
∑
1≤i<j≤n+1
β
(
f([xi, xj], α(x1), · · · , ˆα(xi), · · · , ˆα(xj), · · · , α(xn+1))
)
=
n+1∑
i=1
(−1)i+1β
(
{αn−1(xi), f(x1, · · · , xˆi, · · · , xn+1)}
)
+
∑
1≤i<j≤n+1
β
(
f([xi, xj], α(x1), · · · , ˆα(xi), · · · , ˆα(xj), · · · , α(xn+1))
)
= β(δf(x1, x2, · · · , xn+1)).
Also, we need to check the expression δf(x1, · · · , a.xi, · · · , xn+1) = φ
n(a)δf(x1, · · · , xi, · · · , xn+1)
for all xi ∈ L, 1 ≤ i ≤ n + 1 and a ∈ A. But it follows from the simple calculation and using
the fact that (ρ, φ) is a representation of (L, [−,−], α) on A. (i.e. ρ(α(x))(φ(a)) = φ(ρ(x)(a)) for all
x ∈ L, a ∈ A.)
Further, δ2 = 0 follows from the direct but a long calculation. 
By the above proposition, (C∗(L,M), δ) is a cochain complex. The resulting cohomology of the
cochain complex we define to be the cohomology space of hom-Lie-Rinehart algebra (L, α) with
coefficients in (M,β), and we denote this cohomology as H∗hLR(L,M).
We will use this cohomology in the next section when we consider extensions of a hom-Lie-
Rinehart algebras.
Remark 4.5. Let M be a smooth manifold. Let A denote the space of smooth functions C∞(M) and
L = χ(M), the space of smooth vector fields on M , with α = IdL. Then the above cochain complex
(C∗(L,A), δ) with coefficients in (A, IdA) is the de-Rham complex ofM (except 0-cochains) and for n ≥ 2,
the nth-cohomology group HnhLR(L,A) is same as the n
th de-Rham cohomology group ofM .
5. EXTENSIONS OF HOM-LIE-RINEHART ALGEBRAS
In this section, we introduce extensions of a hom-Lie-Rinehart algebra and we follow the same
notations as in previous sections. First note that the category hLRφA does not have zero object.
Thus, by a short exact sequence written as
(L′′, α′′)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
in the category hLRφA what we mean is that the homomorphism i : (L
′′, α′′)→ (L′, α′) is injective,
the homomorphism σ : (L′, α′)→ (L, α) is surjective and σ ◦ i = 0.
Definition 5.1. A short exact sequence in the category hLRφA
(L′′, α′′)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
HOM-LIE-RINEHART ALGEBRAS 13
is called an extension of the hom-Lie-Rinehart algebra (L, α) by the hom-Lie-Rinehart algebra (L′′, α′′).
Here, anchor map of the hom-Lie-Rinehart algebra (L′′, α′′) is trivial, i.e. ρ′′ = 0, since σ ◦ i = 0.
An extension of hom-Lie-Rinehart algebra (L, α) is said to be A-split if we have an A-module
map τ : (L, α)→ (L′, α′) such that
(1) σ ◦ τ = Id(L,α);
(2) τ(a.x) = a.τ(x) and
(3) τ ◦ α = α′ ◦ τ
for each a ∈ A, x ∈ L. Furthermore, if the section τ for the map σ is a homomorphism of hom-
Lie-Rinehart algebras, then this extension is said to be split in the category of hom-Lie-Rinehart
algebras.
Definition 5.2. Let (L, α) = (A,L, [−,−]1, φ, α, ρ1) be a hom-Lie-Rinehart algebra over (A,φ) and
(M, β) = (A,M, [−,−]2, φ, β, ρ2) be another hom-Lie-Rinehart algebra over (A,φ) with anchor map
ρ2 = 0, then we say that (L, α) acts on (M, β) if the following conditions hold.
(1) There is a map θ : L⊗M →M , such that the pair (θ, β) is a representation of the hom-Lie algebra
(L, [−,−]1, α) onM . Let us denote θ(x,m) by {x,m} for x ∈ L, m ∈M .
(2) For x ∈ L, m, n ∈ M , we have {α(x), [m,n]2} = [{x,m}, β(n)]2 + [β(m), {x, n}]2, where
{−,−} : L⊗M →M is the action of L onM .
(3) {a.X,m} = φ(a){X,m} for all a ∈ A, X ∈ L, m ∈M .
(4) {X, a.m} = φ(a){X,m} + ρ(X)(a).β(m) for all X ∈ L, a ∈ A, m ∈M .
In the above definition, condition (1) and (2) imply that (L, [−,−]1, α) acts on (M, [−,−]2, β) in
the category of hom-Lie R-algebras.
Now, let us consider (L′, α′) := (A,L′, [−,−]′, φ, α′, ρ′), where
• L′ = L⊕M , direct sum of A-modules;
• [(x,m), (y, n)]′ = ([x, y]1, [m,n]2 + {x, n} − {y,m});
• α′((x,m)) = (α(x), β(m));
• ρ′(x,m) = ρ(x),
for all x, y ∈ L, m, n ∈ M . Then (L′, [−,−]′, α′) is a hom-Lie algebra and it is the semi-direct
product of (L, [−,−]1, α) and (M, [−,−]2, β) in the category of hom-Lie R-algebras. Also there
is an A-module structure on L′. This yields that (L′, α′) = (A,L′, [−,−]′, φ, α′, ρ′) is a hom-Lie-
Rinehart algebra, which we denote by (L, α)⋊ (M, β).
In particular, if φ = idA, β = idM , and α = idL, then we have
(i) the action defined above is an action of a Lie-Rinehart algebraL (overA) on a LieA-algebra
M and
(ii) the semi direct product of L and M in category of Lie R-algebras gives a Lie-Rinehart
algebra over A ( for details see Section 2, [3]).
Note that if [−,−]M = 0, then Definition 4.1 becomes a particular case of the above definition since
any hom-Lie-Rinehart algebra module (M,β) is a hom-Lie-Rinehart algebra over (A,φ) (with a
trivial bracket and a trivial action on A).
Remark 5.3. Not every extension of a hom-Lie-Rinehart algebra is A-split. Assume that L is a projective
A-module, then we have an A-linear map τ : L → L′ such that σ ◦ τ = IdL, but it may not satisfy the
identity: τ ◦ α = α′ ◦ τ . However, if we take a hom-Lie-Rinehart algebra (L, α) over (A,φ) acting on a
hom-Lie-Rinehart algebra (M, β) over (A,φ) with trivial anchor map, then for (L′, α′) = (L, α)⋊ (M, β)
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the short exact sequence
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
is split in the category hLRφA. Thus, it is also an A-split extension of (L, α).
5.1. Abelian Extensions: In this subsection, we will define an abelian extension of a hom-Lie-
Rinehart algebra by a module in the category hLRφA. Note that any hom-Lie-Rinehart algebra
module (M,β) gives a hom-Lie-Rinehart algebra (A,M, [−,−]M , φ, β, ρM ) ∈ hLR
φ
A, with a trivial
bracket and a trivial anchor map. Let us denote this object in hLRφA by (M, β).
Definition 5.4. Let (L, α) be a hom-Lie-Rinehart algebra over (A,φ) and (M,β) be a module over (L, α).
A short exact sequence
(M, β)
i
−−−−→ (L′, α′)
ǫ
−−−−→ (L, α)
in the category hLRφA, is called an abelian extension of (L, α) by (M,β) if
[i(m), x] = i((ǫ(x)).m) for allm ∈M, x ∈ L′.
Next, we will show that the second cohomology spaceH2hLR(L,M) of a hom-Lie-Rinehart alge-
bra (L, α) with coefficients in (M,β) classifies A-split abelian extensions of (L, α) by (M,β).
This result generalises the well-known classification theorems for the classical cases of a Lie
algebras [8] and Lie-Rinehart algebras [9].
Theorem 5.5. There is a one-to-one correspondence between the equivalence classes of A-split abelian
extensions of a hom-Lie-Rinehart algebra (L, α) by (M,β) and the cohomology classes in H2hLR(L,M).
Proof. Let f be a representative of the cohomology class [f ] ∈ H2hLR(L,M). Consider a hom-Lie-
Rinehart algebra (L′, α′) := (A,L′, [−,−]′, φ, α′, ρ′), where the structure constraints are given as
follows:
(1) L′ = L⊕M , a direct sum of A-modules;
(2) [(x,m), (y, n)]′ = ([x, y], [x, n] − [y,m] + f(x, y));
(3) α′((x,m)) = (α(x), β(m));
(4) ρ′(x,m) = ρ(x) = ρ(π(x,m)),
for all x, y ∈ L, m, n ∈M and π : L′ → L defined as π(x,m) = x. Then
(M, β)
i
−−−−→ (L′, α′)
π
−−−−→ (L, α),
is an A-split abelian extension of (L, α) by (M,β), where i : M → L′ is defined by i(m) = (0,m).
Suppose we take an another representative f ′ of the cohomology class [f ] ∈ H2hLR(L,M) and
get an extension (L′′, α′′) as above. Since f and f ′ represent the same cohomology class [f ], we
have f − f ′ = δg for some g ∈ C1(L,M). Then the map F : (L′, α′) → (L′′, α′′) defined by
F (x,m) = (x,m + g(x)) gives an isomorphism of the above extensions obtained by using f and
f ′ respectively. Thus for a cohomology class in H2hLR(L,M) there is a unique equivalence class of
A-split abelian extensions of (L, α) by (M,β).
Conversely, let
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
be an A-split abelian extension of the hom-Lie- Rinehart algebra (L, α) by (M,β). We will first
show that we can define a 2-cocycle in C2(L,M) which is independent of a section for the map σ.
First, we fix a section τ : L → L′ for the map σ. Now consider the map G : L ⊕M → L′ given
by
G(x,m) = τ(x) + i(m).
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Then it follows that G is an injective A-module homomorphism. In fact, G is an isomorphism of
A-modules.
Define a 2-cochain Ωτ ∈ C
2(L,M) by the following expression;
Ωτ (x, y) = i
−1
(
[τ(x), τ(y)] − τ([x, y])
)
,
for all x, y ∈ L. Here we have
(1) Ωτ is a skew-symmetric R-bilinear map and it satisfies Ωτ (a.x, y) = φ(a)Ωτ (x, y) for all
x, y ∈ L, a ∈ A;
(2) δ(Ωτ ) = 0, which follows using hom-Jacobi identity for (L
′, [−,−]′, α′);
(3) Ωτ ◦ α = β ◦ Ωτ , which follows by the relations τ ◦ α = α
′ ◦ τ, and α′ ◦ i = i ◦ β.
Consequently, we get that Ωτ is a 2-cocycle in C
2(L,M).
Note that if we take another section τ ′ : L → L′ of σ. Then the resulting 2-cocycle Ωτ ′ is
cohomologous toΩτ . This follows from the fact that Ωτ ′−Ωτ = δ(i
−1 ◦(τ ′−τ)) for (i−1 ◦(τ ′−τ)) ∈
C1(L,M). Thus for a given A-split abelian extension of (L, α) by (M,β), there exists a unique
cohomology class [Ωτ ] ∈ H
2(L,M).
In order to complete the proof, we need to show that for two equivalent A-split abelian exten-
sions, the associated 2-cocycles are cohomologous.
Let
(M, β)
i′
−−−−→ (L′′, α′′)
σ′
−−−−→ (L, α)
be another A-split abelian extension of (L, α) by (M,β) , and it is isomorphic to the extension:
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α).
Suppose the map Φ : (L′, α′)→ (L′′, α′′) is an isomorphism of these extensions, that is the follow-
ing diagram commutes:
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)∥∥∥ Φ
y
∥∥∥
(M, β)
i′
−−−−→ (L′′, α′′)
σ′
−−−−→ (L, α)
Nowwewill show that for a section τ : (L, α)→ (L′, α′) of σ and τ ′ : (L, α)→ (L′′, α′′) of σ′, the re-
spective associated cocyclesΩτ andΩτ ′ are cohomologous. Consider, τ
′′ = Φ◦τ : (L, α)→ (L′′, α′′)
a section for σ′. Then we have Ωτ ′′ = Ωτ . Here, Ωτ ′′ and Ωτ ′ are cohomologous in H
2
hLR(L,M) be-
cause of the fact that τ ′ and τ ′′, both are sections of σ′. Therefore, Ωτ and Ωτ ′ are cohomologous in
H2hLR(L,M). 
Remark 5.6. Consider an A-split extension of a hom-Lie-Rinehart algebra (L, α) by a module (M,β):
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α).
If we fix a section τ for the map σ then we have an isomorphism of the underlying A-modules given by
G : L′ → L ⊕M where G(X) = (σ(X), i−1(X − τ ◦ σ(X))). Let us denote by notation (x,m)τ the
inverse image of (x,m) under the isomorphism G, which is τ(x) + i(m). Then any X,Y ∈ L′ can be
written as X = (x,m)τ and Y = (y, n)τ for some x, y ∈ L and m,n ∈ M . Moreover, the Lie bracket on
L′ can be expressed as
[X,Y ]′ = ([x, y], [x, n] − [y,m] + Ωτ (x, y))τ .
In the next result we will present a characterisation of the first cohomology space H1hLR(L,M)
in terms of group of automorphisms of an A-split abelian extension.
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Theorem 5.7. There is a one-to-one correspondence between the group of automorphisms of a given A-split
abelian extension,
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
of a hom-Lie-Rinehart algebra (L, α) by (M,β) ((M, β) is corresponding object in hLRφA) and cohomology
space H1hLR(L,M).
Proof. Let F : (L′, α′) → (L′, α′) be a hom-Lie-Rinehart algebra isomorphism which gives an
automorphism of the extension
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α) .
So we have the following commutative diagram:
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)∥∥∥ F
y
∥∥∥
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α).
Since the given short exact sequence is A-split, we have a section τ : (L,α)→ (L′, α′) (see Remark
2.12.) For the section τ , we get an isomorphism of underlying A-modules, say G : L′ → L ⊕M .
Let us denote the inverse image τ(x) + i(m) of (x,m) under the isomorphism, by (x,m)τ for all
x ∈ L, m ∈M .
Assume F1, F2 are maps obtained by taking projections of the map G ◦ F onto first and second
components. Then F (x,m)τ = (F1(x,m)τ , F2(x,m)τ )τ for (x,m)τ ∈ L
′. By the commutativity of
the above diagram F1((x,m)τ ) = x and F2((0,m)τ ) = m. Therefore, for (x,m)τ ∈ L
′,
(x, F2((x, 0)τ ) +m)τ = (x, F2((x,m)τ ))τ .
Define ψ : L → M by ψ(x) = F2((x, 0)τ ). So, we can write F2((x,m)τ ) = ψ(x) +m. Note that
ψ(a.x) = a.ψ(x) for all x ∈ L, a ∈ A and ψ ◦ α = β ◦ ψ, i.e. ψ is a 1-cochain in C1(L,M). Now,
F : (L′, α′)→ (L′, α′) is an isomorphism of hom-Lie Rinehart algebras, i.e. we have
F [(x, 0)τ , (y, 0)τ ]
′ = [F (x, 0)τ , F (y, 0)τ ]
′.
Using the Remark 5.6, we get δψ = 0. Therefore ψ is a 1-cocycle representing a cohomology
class in H1hLR(L,M).
Conversely, assume that ψ represents a cohomology class in H1hLR(L,M).
Define F : (L′, α′)→ (L′, α′) as F ((x,m)τ ) = (x,m+ ψ(x))τ .
Note that the following identities are satisfied:
(1) F : L′ → L′ is an A-module homomorphism.
(2) α′ ◦ F = F ◦ α′, which follows by using the equations ψ ◦ α = β ◦ ψ and α′ ◦ i = i ◦ β.
(3) F [(x,m)τ , (y, n)τ ]
′ = [F (x,m)τ , F (y, n)τ ], which follows from the condition δψ(x, y) = 0.
(4) ρ′ ◦ F = ρ′, as ρ′(x,m)τ = ρ(x).
(5) σ ◦ F = σ and F ◦ i = i, which follows from the definition of F .
Hence, the map F : (L′, α′) → (L′, α′) is an automorphism of hom-Lie Rinehart algebra (L′, α′).

Remark 5.8. In Section 2 of [5], a similar result appeared for an associative and commutaive algebra A by
showing that the first Harrison cohomology space of A with coefficients in a module M can be interpreted
as the set of automorphisms of any given extension of A by M . Also, in Chapter 7 of [21], the space of
derivations of a Lie algebra L into a L-module M , is identified by the space of automorphisms of trivial
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extensions of L byM or in other words by a subgroup of Aut(L⋊M), consisting of those automorphisms
which stabilize L and M . Note that for a Lie algebra L, first Chevalley-Eilenberg cohomology space with
coefficients in moduleM is the space of outer derivations of L intoM , but hereH1hLR(L,M)
∼= Der(L,M).
5.2. Central Extensions: Define the center of a hom-Lie-Rinehart algebra (L, α) by
ZA(L) = {x ∈ L : [a.x, z] = [a.α(x), z] = 0, and x(a) = 0 for all a ∈ A, z ∈ L}.
Definition 5.9. A short exact sequence of hom-Lie-Rinehart algebras
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
is called central extension of (L, α) if i(M) = Ker(σ) ⊂ ZA(L
′). Here, (M, β) is a hom-Lie-Rinehart
algebra (A,M, [−,−]M , φ, β, ρM ).
Remark 5.10. (1) Since σ ◦ i = 0, we have ρM = 0.
(2) Note that i(M) = Ker(σ) ⊂ ZA(L
′) implies (M, β) is a hom-Lie-Rinehart algebra with trivial
bracket. Since i[m,n]M = [i(m), i(n)]
′ = 0 and i is an injective map.
(3) If (M,β) is a trivial hom-Lie-Rinehart algebra module over (L, α), then an abelian extension of
(L, α) by the module (M,β) is a central extension.
Proposition 5.11. There is a one-to-one correspondence between the equivalence classes of A-split central
extensions
(M, β)
i
−−−−→ (L′, α′)
σ
−−−−→ (L, α)
of (L, α) by (M, β) := (A,M, [−,−]M , φ, β, ρM ) and the cohomology classes in H
2
hLR(L,M), where
(M,β) is a trivial hom-Lie-Rinehart algebra module over (L, α) .
Proof. Herewe follow the Remark 5.10 (3) andwe get thatH2hLR(L,M) classifies theA-split central
extensions of (L, α) by (M, β). 
Remark 5.12. If we consider α = IdL, then the category hLR
φ
A is the category of Lie-Rinehart algebras
over A. In this case, Proposition 5.11 gives the correspondence between the isomorphism class of A-split
central extensions of a Lie-Rinehart algebra L over A by another Lie-Rinehart algebra M over A and the
2-nd cohomology space H2Rin(L,M) with coefficients in trivial moduleM . ( This is given in detail in [3] ).
6. HOM-LIE-RINEHART ALGEBRAS ASSOCIATED TO POISSON ALGEBRA
Let A be an R-algebra and φ be an R-algebra automorphism. In Definition 2.11, the notion
of φ-derivations of A into an A-module M is defined. Here, we define the universal property
of φ-derivations and prove the existence of a universal φ-derivation for an R-algebra A with an
R-algebra automorphism. The following definitions and results are obtained from the discus-
sions in classical algebra with derivation (as in [13]) and from the isomorphism of A-modules
Derφ(A,M) ∼= DerR(A,M) (given by d 7→ d ◦ φ
−1).
Proposition 6.1. Let M be an A-module, A ⋉M be the semi-direct product and d : A → M be a φ-
derivation, then the map d˜ : A→ A⋉M given by
d˜(a) = (a, dφ−1(a)) for a ∈ A,
is an R-algebra homomorphism with π1 ◦ d˜ = IdA, where π1(a,m) = a.
Conversely, for an R-algebra homomorphism h : A→ A⋉M satisfying π1 ◦ d˜ = IdA, there is a unique
φ-derivation d : A→M with h = d˜.
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Proof. Let a, b ∈ A. From the definition of d˜ and π we get
d˜(ab) = (ab, dφ−1(ab)) = (a, dφ−1(a))(b, dφ−1(b)) = d˜(a)d˜(b),
and π1 ◦ d˜ = IdA.
Conversely, let h : A → A ⋉M be an R-algebra homomorphism satisfying π1 ◦ d˜ = IdA. Then
for a ∈ A, we can write h(a) = (a, h1(a))where h1 : A→M is an R-linear map. Define d : A→M
by
d(a) = h1(φ(a)) for a ∈ A.
It follows that d is a φ-derivation and the map d˜ = h. 
Definition 6.2. Let M be an A-module. A φ-derivation d : A → M is called universal, if for a given
A-module N and a φ-derivation δ : A→ N , there is a unique A-module homomorphism f : M → N with
δ = f ◦ d.
LetM1, M2 be A-modules. If d1 : A→M1 and d2 : A→M2 are universal φ-derivations, then it
follows thatM1 andM2 are isomorphic as A-modules, so the universal φ-derivation of R-algebra
A is unique up to isomorphism. Next, we describe the existence of such a universal φ-derivation.
Theorem 6.3. For any R-algebra A with an R-algebra automorphism φ, there exists a universal φ-
derivation.
Proof. Let µ : A⊗A→ A be the multiplication onA. Then I := Kerµ is generated by the elements
of the form φ(a) ⊗ 1 − 1 ⊗ φ(a) where a ∈ A. Note that A ⊗ A has an A-module structure, given
by the ring homomorphism ψ : A → A ⊗ A defined by ψ(a) = a ⊗ 1. Now, consider the map
d : A→ I/I2 given by d(a) = φ(a)⊗ 1− 1⊗ φ(a) + I2 for a ∈ A. Then it follows that d : A→ I/I2
is a φ-derivation.
Let N be an A-module and δ : A → N be a φ-derivation. By Proposition 6.1, we have an R-
algebra homomorphism δ˜ : A → A ⋉ N given by δ˜(a) = (a, δφ−1(a)) for a ∈ A. If we consider
the map i : A → A ⋉ N defined by i(a) = (a, 0), then we get an R-algebra homomorphism
h : A⊗A→ A⋉N defined by
h(a⊗ b) = δ˜(a)i(b) = (ab, bδφ−1a);
for all a, b ∈ R. So, for x = φ(a) ⊗ 1− 1⊗ φ(a) ∈ I , we have h(x) = (0, δ(a)).
Thus h vanishes on I2 ⊂ A⊗ A. So it induces an A-module homomorphism, say h˜ : I/I2 → N
such that h˜(da) = δ(a) for all a ∈ A. Consequently, the map d : A → I/I2 is a universal φ-
derivation. 
We now consider the A-module DφA generated by the symbols da, for a ∈ A subject to the
following relations:
(1) d(λa+ µb) = λda+ µdb;
(2) d(ab) = φ(a)db+ φ(b)da;
for all a, b ∈ A, and λ, µ ∈ R. Then the map d : A → DφA is a universal φ-derivation. Hence by
universal propertyDφA
∼= I/I2.
Let us call DφA the A-module of formal φ-differentials of the pair (A,φ). Observe that for any φ-
derivation d1 : A→M , one gets a derivation δ1 = d1 ◦φ
−1 : A→M . So, there is a correspondence
between a universal φ-derivation d : A → DφA and the universal derivation δ : A → DA, where
DA is the module of Ka¨hler differentials. Also, D
φ
A
∼= DA as A-modules. Moreover, the universal
property of the φ-derivation d : A→ DφA gives the following result.
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Proposition 6.4. Let d : A → DφA is a universal φ-derivation andM be an A-module, then the canonical
map Φ : HomA(D
φ
A,M) → Derφ(A,M) given by Φ(f) = f ◦ d where f ∈ HomA(D
φ
A,M), is an A-
module isomorphism. In the particular case ifM = A then we have a canonical isomorphism of A-modules
HomA(D
φ
A, A)
∼= Derφ(A).
Let (A,µ, [−,−]A) be a Poisson algebra and φ : A → A be a Poisson algebra automorphism.
Then (A,µ, {−,−}, φ) is a purely hom-Poisson algebra, where {−,−} = φ ◦ [−,−]A. And the map
{a,−} : A→ A is a φ-derivation of A. Thus we obtain an alternating A-bilinear map
π : DφA ⊗A D
φ
A → A
given by
π(adx, bdy) = ab{x, y}
for all x, y, a, b ∈ A. The map π induces an A-linear map π′ : DφA → HomA(D
φ
A, A). Also, by using
Proposition 6.4, we obtain an A-linear map
π∗ : DφA → Derφ(A)
defined by π∗(dx)(a) = π(dx, da) for all a, x ∈ A.
Now consider a bilinear map [−,−] : DφA ⊗D
φ
A → D
φ
A given by
[adx, bdy] = φ(a)φ(b)d{x, y} + φ(a){φ(x), b}dφ(y) − φ(b){φ(y), a}dφ(x)
and define a linear map α˜φ : D
φ
A → D
φ
A given by
α˜φ(adx) = φ(a)d(φ(x)).
Then the resulting tuple (DφA, [−,−], α˜φ) is a hom-Lie algebra; where the required hom-Jacobi
identity for the bracket boils down to the following equation
[[dx, dy], dφ(z)] + [[dy, dz], dφ(x)] + [[dz, dx], dφ(y)] = 0,
which follows from the hom-Jacobi identity for the bracket {−,−}. If we now consider the map
ρφ : D
φ
A → Derφ(A) defined by
ρφ = π
∗ ◦ α˜φ,
then it follows that (ρφ, φ) is a representation of the hom-Lie algebra (D
φ
A, [−,−], α˜φ) on A. Fur-
thermore, for any ξ1, ξ2 ∈ D
φ
A and a ∈ A, we can deduce that
[ξ1, a.ξ2] = φ(a)[ξ1, ξ2] + ρφ(ξ1)(a).α˜φ(ξ2).
As a result, the above discussion gives us a hom-Lie-Rinehart algebra structure on the A-module
of φ-differentials.
Theorem 6.5. Let (A,µ, [−,−]A) be a Poisson algebra , φ : A→ A be a Poisson algebra automorphism and
(A,µ, {−,−}, φ) be the purely hom-Poisson algebra, obtained by composition then (A,DφA, [−,−], φ, α˜φ, ρφ)
is a hom-Lie-Rinehart algebra over (A,φ) where
(1) the endomorphism α˜φ : D
φ
A → D
φ
A is given by α˜φ(adx) = φ(a)d(φ(x));
(2) the anchor map ρφ : D
φ
A → Derφ(A) is given by ρφ = π
∗ ◦ α˜φ;
(3) the bracket is given by
[adx, bdy] = φ(a)φ(b)d{x, y} + ρφ(adx)(b)α˜φ(dy)− ρφ(bdy)(a)α˜φ(dx);
for all a, b, x, y ∈ A.
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Remark 6.6. In particular, if A is a Poisson algebra and φ = IdA, then the above construction gives
a Lie-Rinehart algebra structure on DA, the A-module of formal differentials (or the module of Ka¨hler
differentials). This is given by J. Huebschmann in [9].
Remark 6.7. The hom-Lie-Rinehart algebra appeared in Theorem 6.5 has an invertible endomorphism since
φ : A → A is a Poisson algebra automorphism. This kind of hom-Lie-Rinehart algebras are called regular
hom-Lie-Rinehart algebras in [18] and a new cochain complex is defined for the regular case, in which the
bilinear map π : DφA ⊗D
φ
A → D
φ
A is a 2-cocycle.
We can rewrite the hom-Lie bracket on DφA in terms of Lie derivatives. First let us define an
operator LX : D
φ
A → D
φ
A as
(8) LX(adf) = φ(a)d(X(f)) + αφ(X)(a)d(φ(y)) forX ∈ Derφ(A).
Here, the map αφ is anchor map of the hom-Lie-Rinehart algebra (A,DerφA, [−,−]φ, αφ, αφ) given
in Example 3.5. In terms of this operator LX : D
φ
A → D
φ
A, the bracket in Theorem 6.5 can be
rewritten as:
[ξ1, ξ2] = Lπ∗(ξ1)(ξ2)− Lπ∗(ξ2)(ξ1)− dπ(ξ1, ξ2);
for any ξ1, ξ2 ∈ D
φ
A. We say this operator LX : D
φ
A → D
φ
A to be the Lie derivative with respect to
X ∈ Derφ(A) .
7. SPECIAL CASES OF HOM-LIE-RINEHART AND HOM-GERSTENHABER ALGEBRAS
Wepresent a discussion on some special cases of hom-Lie-Rinehart algebra and hom-Gerstenhaber
algebra, which show the wide interests and further application of these algebras.
7.1. Hom-Lie algebras: Considering a hom-Lie algebra in the category of hom-Lie-Rinehart alge-
bras we get the following:
1. Deformation cohomology of a Hom-Lie algebra:
Let us consider R to be a field. The hom-Lie algebra (L, [−,−], α) is a hom-Lie module over itself
by adjoint action. Note that (L, [−,−], α) is also a hom-Lie-Rinehart algebra (Example 2.13) and a
hom-Lie-Rinehartmodule over itself as the action onR is trivial. Then the cohomologyH∗hLR(L,L)
is same as the deformation cohomology for a hom-Lie algebra defined in [1].
2.Extensions of a Hom-Lie algebra:
In Section 2.4, [7], A construction of central extension of a Hom-Lie algebra is given. After con-
structing a certain q-deformation of the Witt algebra, Hartwig, Larsson, and Silvestrov used the
machinery of Hom-Lie algebra extensions to construct a corresponding deformation of the Vira-
soro algebra in Section 4, [7]. In the classical case of Lie algebras, equivalence classes of abelian
(and central) extensions are classified by the 2nd cohomology module [8]. For hom-Lie algebras,
classification of split abelian extensions and central extension can be done by considering them in
the category of hom-Lie-Rinehart algebras and then using Theorem 5.5 and Proposition 5.11.
A short exact sequence
0 −−−−→ (M, 0, β)
i
−−−−→ (L′, {−,−}, α′)
σ
−−−−→ (L, [−,−], α) −−−−→ 0.
is called an extension of the hom-Lie algebra (L, [−,−], α) by the abelian hom-Lie algebra (M, 0, β).
Here, by an split extension of hom-Lie algebra (L, [−,−], α), we mean that we have a R-linear
map τ : L→ L′ such that
(1) σ ◦ τ = IdL, and
(2) τ ◦ α = α′ ◦ τ ,
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for each a ∈ A, x ∈ L. Furthermore, if the section τ for σ is a homomorphism of hom-Lie algebras
then this extension is called split in the category of hom-Lie algebras. Now, one can deduce the
following result:
Proposition 7.1. There is a one-to-one correspondence between the equivalence classes of split abelian
extensions of a hom-Lie algebra (L, [−,−], α) by (M, 0, β) and the cohomology classes in H2hLR(L,M).
Similarly, in the case: L acting trivially onM , one can characterize the second cohomology space
H2hLR(L,M) by equivalence classes of split central extensions of the hom-Lie algebra (L, [−,−], α)
by (M, 0, β) since if L acts trivially on M , then any central extension of (L, [−,−], α) by (M, 0, β)
is an abelian extension.
7.2. Lie-Rinehart algebras. Let (L, α) be a hom-Lie-Rinehart algebra then the pair (A,φ) is a left
(L, α)-module. If α = IdL, then hom-Lie- Rinehart algebra (L, α) is a Lie-Rinehart algebra L
over A and A is a left Lie-Rinehart algebra module over L. The cochain complex (C∗(L,A), δ)
is same as the Lie-Rinehart algebra cochain complex except 0-cochains and for n ≥ 2 the nth-
cohomology space HnhLR(L,A) of (L, α) with coefficients in (A,φ) is same as the n
th-cohomology
space of Lie-Rinehart algebra with coefficients in the module A. Hence by Theorem 5.5, we get
the characterisation of second Lie-Rinehart algebra cohomology space in terms of A-split abelian
extensions, which is proved in Section 2, [9].
7.3. hom-Lie algebroids. We have defined the notion of a left module over a hom-Lie-Rinehart
algebra. The algebraic properties of the left modules over hom-Lie-Rinehart algebra motivates the
following definition of a representation of a hom-Lie algebroid as follows:
Definition 7.2. Let A := (A → M, [−,−], α, φ, ρ) be a hom-Lie algebroid over M . A representation of
A on a vector bundle E → M is a triplet (E → M,β,∇φ
∗
), where β : ΓE → ΓE is a linear map and
∇φ
∗
: ΓA⊗ ΓE → ΓE is a bilinear map, given by (x, s) 7→ ∇φ
∗
x (s), satisfying the following properties:
(1) β(f.s) = φ∗(f).β(s);
(2) ∇φ
∗
f.x(s) = φ
∗(f).∇φ
∗
x (s);
(3) ∇φ
∗
x (f.s) = φ∗(f).∇
φ∗
x (s) + ρ(x)[f ].β(s);
(4) (∇φ
∗
, β) is a representation of hom-Lie algebra (ΓA, [−,−], α) on ΓE;
for all x ∈ ΓA, s ∈ ΓE and f ∈ C∞(M).
If α = IdΓA, and β = IdΓE , thenA is a Lie-algebroid and the triple (E →M,β,∇
φ∗) is the usual
representation of a Lie-algebroid on the vector bundle E →M .
For a hom-Lie algebroid A := (A→M, [−,−], α, φ, ρ), there is a canonical representation (M ×
R→M,φ∗,∇φ
∗
) on the trivial bundleM ×R→M , where∇φ
∗
: ΓA⊗C∞(M)→ C∞(M) is given
by
∇φ
∗
x (f) = ρ(x)[f ] for any x ∈ ΓA, f ∈ C
∞(M).
A coboundary operator for a hom-Lie algebroid with coefficients in it’s representation on a vector
bundle can be defined since any hom-Lie algebroid is a hom-Lie-Rinehart algebra. Now, let us
first recall the definition of (σ, τ)-differential graded commutative algebra from [20].
Definition 7.3. Let A = ⊕k∈Z+Ak be a graded commutative algebra, σ and τ be 0-degree endomorphism
of A, then a (σ, τ)-differential graded commutative algebra is quadruple (A, σ, τ, d), where d is a degree 1
square zero operator on A satisfying the following:
(1) d ◦ σ = σ ◦ d, d ◦ τ = τ ◦ d;
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(2) d(ab) = d(a)τ(b) + (−1)|a|σ(a)d(b) for a, b ∈ A.
In [18], for a regular hom-Lie algebroidA, we define a different cochain complex (C∗(A;E), dA,E)
with coefficients in a representation (E → M,β,∇φ
∗
). In the case of the trivial representation of
A on M × R → M , the cochain complex (C∗(A;M × R), dA,M×R) is a (α˜, α˜)-differential graded
commutative algebra, where the map α˜ : Γ(∧nA∗)→ Γ(∧nA∗) is defined as
α˜(ξ)(x1, · · · , xn) = φ
∗(ξ(α−1(x1), · · · , α
−1(xn)))
for ξ ∈ Γ(∧nA∗), and xi ∈ ΓA, for 1 ≤ i ≤ n.
Note that for a Lie algebroid (α = IdΓA, and φ = IdM ) this complex with trivial coefficients
becomes the de Rham complex and the (α˜, α˜)-differential graded commutative algebra becomes
the usual differential graded commutative algebra associated to a Lie algebroid. Furthermore, this
differential dA,M×R allows us to define the notion of Lie derivative for hom-Lie algebroids. In [2],
the authors have defined the notion of Lie derivative by obtaining a (σ, τ)-differential graded
commutative algebra associated to a regualar (or invertible) hom-Lie algebroid, but for a modified
definition of a hom-Lie algebroid (originally given in [14]). Both definitions are equivalent in
the invertible case, however it is important to note that by Remark 3.13 such modification has a
disadvantage in the non-invertible case. In [18], the results in Section 5 show that the notion of Lie
derivative can be defined without a modification.
7.4. hom-Batalin-Vilkovisky algebras. A Gerstenhaber algebra with an exact generator is called
a Batalin- Vilkovisky algebra (see [10, 22] and references therein). In [10], J. Huebschmann re-
lates Gerstenhaber structures and homology and cohomology of Lie-Rinehart algebras with new
insights from the notion of a Batalin-Vilkovisky algebras. The discussion of such relation in hom-
Lie-Rinehart context may be considered by exact generators of the associated hom-Gerstenhaber
algebra.
In [22], Ping Xu establised a correspondence between various geometric structures on vector
bundles and the algebraic structures such as Gerstenhaber algebras and Batalin-Vilkovisky alge-
bras. In [14], the authors given a canonical hom-Gerstenhaber algebra structure on the exterior
algebra (G = ∧∗g,∧, [−,−]G, αG) associated to a hom-Lie algebra (g, [−,−], α)( see Example 2.17).
If we consider the boundary operator d in the complex for a hom-Lie algebra ( with coefficients in
the trivial module R in [23]) then the map d : ∧ng→ ∧n−1g is given by
d(x1 ∧ · · · ∧ xn) =
∑
1≤i<j≤n
(−1)i+j [xi, xj ] ∧ αG(x1 ∧ · · · xˆi ∧ · · · ∧ xˆj ∧ · · · ∧ xn)
for all x1, · · · , xn ∈ g. In other words, d : G → G is a map of degree −1 such that d
2 = 0. More
importantly, this operator d generates the graded hom-Lie bracket [−,−]G in the following way:
(9) [X,Y ]G = (−1)
|X|(d(XY )− (dX)αG(Y )− (−1)
|X|αG(X)(dY ));
for X,Y ∈ G. We may take the operator d as an exact generator of the hom-Gerstenhaber alge-
bra G. This yields a hom-Gerstenhaber algebra with an exact generator which is a hom-Batalin-
Vilkovisky algebra. We would like to elaborate more on hom-Lie-Rinehart, hom-Gerstenhaber and
hom-Batalin-Vilkovisky algebras in a separate note. Also, by using the notion of generators of
hom-Gerstenhaber algebras a homologymay be associated to a hom-Lie algebroid which is analo-
gous to that for Lie algebroid in [22]. We have seen an example of hom-Gerstenhaber algebra with
an exact generator canonically associated to a hom-Lie algebra.
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